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Partial fractions is an algebraic method that reveres the addition of
rational functions, and can be used to integrate any rational function.
*general factorization skills are important here!
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In general the simplest integrals we WI” get in the above threes cases will
have the following forms:
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@ Integration by parts

@ Trigonometric Integrals

@ Trigonometric Substitution

@ Integration with Partial Fractions

@ Improper Integrals

An integral having either an infinite limit of integration or an unbounded
integrand is called an improper integral.

FTC has a number of conditions that need to efore it can be
applied. In particular, the function needs to be contlnuous n the interval.

What if it is not? Functions can be unbounded, Inuous, piecewise,
undefined. For example,
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Improper Integral with Infinite Domain of Integration

t ¥ Regd T
e If | f(x)dx exists for all £ > a, then we define . e
a a qg:/(cﬁe{wu
0o t “n ml‘/
f(x)dx = tli)m J f(x) dx

b
° IfJ f(x) dx exists for all t < b, then we define

| j f(x)d lim be()d
x)dx = li x) dx
T

@ If both J f(x) dx and f x) dx are convergent, then we define

a
oQ

Lo F(x) dx + J f(x) dx

a

f

Examples

Ex: | Evaluate

(i) Jioo e dx




Example - J i dx

xP

o

1
Ex: | For what value of p(> 0) is the integral J = dx convergent?

\ | 0 X
—l—P?cl?L"' j ,l,,o\vt-i— & — dx
" o X" A = |
( —-F"“ :‘L[@ \ \""\
T e s ()

l

rad E e Bk (

09

L plvo > @ the, b

Gasel: P

[ ]

>
— . P>

Conve ts
nv aao) p—1 o F< ‘ @Mé\tﬁo&v?>

ch've)aw = o0

e

WP
L b
| ~p+! >J:élm..l’— \—E'~F>—ﬁ—r00

e - —
Cane 1. P>l ——>Q»m& L da -ij:; -, \ 777 e b 1P

xF

@n Q,Qw@—a $e0

, I R I
_—1(2:&&7(? ‘-—F//




Practice Examples

Ex: | Evaluate

N 1 e 1
(i) J_Ool—i—x2dx 2 x2—5x+6dx
0 ) 2 — -3
;j —L~’o\1-i‘ _—L';Aw sarb = (x2) (X )
B (Bl \ - A
o Lo WSaxg B X
O
| | —
1 S yelk ZJ;M; Xa AL ik
J.C“) o ‘&7 - L l‘yf'Sn—té L i
i [ <] g )
,%\‘Q"’“\ RE el A E o | =Y
b Law® . ( baw 4 | L
- - — . O — . IQA,\\x_-—Q—— \
-2
N _0O — m- (’Q)"" ?}':
- OJG'TPS.)—'— P ’bQi‘oo \%}é' l
= Ny = ébm/ QM,L{Z\_;:E\-Q%\;\
— 80 o 1 >
Unbounded Integrands b ’%2” k%{g\fmcz
e TYPE Il: DISCONTINUQUS INTEGRALS — Do 1 - Lin (\/L>
» If f is continuous on [a, b) byt discontinuous at x = b, then = C/% ]
M- A’ML‘OW‘)
& Lt \/dy&cq\ {\,de\(}o\—k) Jb f(x)
‘ Whﬁr&, .
st Prsea bounded & == I

e verkieal A17ect ™
n W » If f is continuous on (a, b] bt discontinuous at x = a, the

e e

Jb F(x) dx = lim f F(x) dx

t—at

Qmw‘D\C S __L O\y(. _L 1S C@v\\—{nwmo on CO/E‘}
Y L@

\
‘_Jj!t—g 4:*’0 & #&K:ﬁ:;‘/ VM/X\?)
ch @Mvﬂa« ooy



S . EiC ‘%w\/s\
S

Example
- _— wa“’“’\‘ﬁ \,\
Ex: | Evaluate J_l)—(—z—dx J 6,;\/)(,/
l ! s -
‘g 1 dw -t |t
7_9/ O l ‘
—| _L A S __,.L&\K
A Dim g 1 odx
= lin [ LT T
A O —| l
a » )
RS At
A0 k-—l bm/ _t__,\> — 00
= - é\ - —a‘ -+ baot b\ 4 00 ‘Dv'vggw,
A0 ~ e
7 10
Examples
Ex: | Evaluate [
A 40O
11 1 /
(i) J — dx (i) J In x dx o
0 X 0 ml ﬂ
‘ on b Pawk/ Qua A~ . B
:ﬂ,{ry\/ &\L&L I“‘ZZT'”""”(‘} ' !
Aot *
o} N \ K‘QMYLO\X; Q,EW glaul&x-
— L\W \QAA[%\ \0‘ o Q-dO—r O \
Aot = Uen— \'ztﬁ.ux.-—l\o\
_ . ' \’/QM\C\\D a~ot
= e = W Q‘M\I*W""QM“
Ao - M ‘f‘o‘>
\ \ (X’\O"s
—= mw\/ "Q’V\ A
a—0o"T O = _\
_ .,C/°°> ‘/ﬁ% 7



Practice Examples Pnofler example, 5{ m_m_‘é% o 9
Ex: | Evaluate ’
o , © |
(i) J_Oo (X_lz)xz dx (i) Jllédx = | J 1 de
WIS -1
Qc—z)x = A =0, %'Z/,.-- _ lim gl&%+ me/ S‘ b A
‘(oe ) So N 52 N ’( Ge—.o 2 O\E
- e oo B = Y 1(1;4[%\ *Q;:./Z; \OMM\L
JO = fﬂ"' S psheve 6’(”O_F/O" a-o
—0 =00 a _ L (Q,M(OJ 04\2/*/0,0\ L)
b 2 " y/ b-'o
[ = ] e Ny
o) (¥ L ‘[ﬁe’ :W
( Lﬂ' Comrbcau) > ﬁ::cy‘ - &0\?@8”.

How womdd ﬁou dho?fwd\\'ce %'Dluhon‘

Comparison Test for Improper Integrals

Suppose f and g are continuous functions with f(x) > g(x) > 0 for x > a.

x ox

° Ifj f(x) dx converges, then J g(x) dx converges.
0 o0

@ IfJ g(x) dx diverges, then J f(x) dx diverges.

a a

7N
t ' "
L 777 50 cod
C\
[a'aéc{ Foeq —>

g Muegmf:—\?



Example

0O

2, .
Ex: | Show that J e~ dx is convergent.
1

00
f > *7lh
| W

—r -
e 2 dr |

U@"’:’ C@ W\ramé.om ’ﬂ;,@m;m P

v '_1 —
Since. € = ¢

and J g L dx @nVe

ji—’(o‘l £Aw SI "101”» = f OHL A Caam/c»du ;
{ —e0 L
= Mo \" l\l

L4 o0
= Lim
A0
Example

—|
'__"L’> _:6:1/@‘-"Ce>nve8c4s
3o :

001+e—X
1 X

dx diverge or converge?

Ex: | Does the J

RNe Q\Tea:ga tUND""/ Ulmg COIA-\JFQWSOV\ Sﬁ@m‘lﬂl e
J i Ao S slnce U%**>x QM\J =42

| - <N ! Ve >1eo
Cpmi«»m slecler > =0 fi ’-%z—" dy_ale  dve e



