Useful Trigonometric Information

@ Pythagorean Connections:
» sin?(x) 4+ cos?(x) =1
» 1+ tan®(x) = sec?(x)
» 14 cot?(x) = csc?(x)

@ Double-angle Formulas:

» sin(2x) = 2sin(x) - cos(x)

» cos(2x) = 1 —2sin?(x) = 2cos?(x) — 1

» — sin’x= >

@ Triple-angle Formulas:

» sin(3x) = 3sin(x) — 4sin®(x)

» cos(3x) = 4cos?(x) — 3 cos(x)

@ Sum/Diff. Formulas:

» sin A cos B = [sin(A — B) + sin(A + B)]/2
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» sin A sin B = [cos(A — B) — cos(A + B)]/2 Cos. Gg) = e ©
» cosA cos B = [cos(A— B) +cos(A+ B)l/2

Derivatives of Trigonometric Functions

The derivative rules for trigonometric functions are as follows:

@ —(sinx)= c¢os A
dx

Y (cosx) = — sin <

dx

° (tanx) = Sect

dx

Basic Trig Function Definitions:
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Trigonometric Integrals

There are many such tricks for integrating powers of trigonometric
functions. Here we concentrate on two families:

Jsin’" xcos" xdx and Jtan'” xsec” x dx

for integer n, m. The details of the technique depend on the parity of n
and m, that is, whether n and m are even or odd numbers.
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Integrating [ sin” x cos” x dx
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NOTE: This method can be used whenever n is an odd integer.
@ Substitute v = sin x and du = cos x dx
@ This leaves an even power of cosines - convert then using

cos?x =1—sin?x =1 — u?



Example

If m is odd, then use t
o Substitute u

ame strategy but with the roles reversed.
“u = cos x and du = —sin x dx

2

@ This leaves an even power of cosines - convert then using
sin?x =1—cos?x =1 — u?
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Trigonometric Integrals

Using Trigonometric identities to express higher powers of sine and cosine
functions in terms of lower powers..

Ex:

Express in terms of 'smaller’ powers:
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Integrating J sin” x cos” x dx

Both n and m are even ...Strategy is to use trig. identities (example -
half-angle identities) to revert back to first case with odd powers.

Ex: | Evaluate k{wm
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Ex: | Evaluate J‘sin2 X cos2 x dx
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Integrating J'sin. mx cos nx dx form

Ex:

Evaluate

(i) Jsin 3x cos bx dx

Using Sum/Diff. Rules of trig. functions... j&'nk-wsﬁ {SnQMB)
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Special Cases

Ex:

Evaluate

(i) Jsecx dx
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Integrating [ tan™ x sec” x dx

If nis even (even power of secant), then use the following strategy:
@ Substitute u = tan x and du = sec? x dx

@ Use the trig. identity, 1 + tan? x = sec? x, to convert the remaining
factors of sec x in terms of tan x.

Ex: | Evaluate Jsec4xdx
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Ex: | Evaluate Jtan3 x sec* x dx



Integrating J tan” x sec” x dx

If m is odd (odd power of tngent), then use the following strategy:
e Substitute v'\= sec x afdd du = sec x tan x dx

@ Use the trig. identity convert the remaining factors in terms of sec x.
tanZx =sec?x —1 =u? —1
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Special Cases

Sometimes we may need to use trig. identities, integration by parts , and
some combination of various trig. rules, to find the integral.

Ex: | Evaluate
(i) Jsecxdx (iii) Jcscxdx
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Special Cases

(v) Jtan3xdx (vii) | tan* x dx
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Practice Examples

NS
(i) JsinSde (iii) tan X dx -yw I
Cos B
g sintx - sinn an e U =Cos " = gs{n“x-G’A‘*)
Au,_aw\ —uf

EO W) (- da ) . _u ’jk _u® (Au)

= — j(-\—b\ -24 )Jq/
(i) Jsm?’x dx (iv) Jtan3xsec2xdx

cos? x

= j Sinx. sind % Done Fﬂw‘ow[a { |

_..—-—-f

j (1=« u‘) (—dw)

u?'\ du = &‘ -\ Aq
N L



@ Integration by parts

@ Trigonometric Integrals

@ Trigonometric Substitution

@ Integration with Partial Fractions

@ Improper Integrals

For integrals involving square roots, such as

strategy for integration is to use :

@ Substitutions:
» Va?—x2 = x=asinu

» Va?+x2 - x=atanu

» Vx2 —32 — x=asecu

@ Useful Trig. ldentities:

2

» sinu+cosPu=1

» 1+ tan?u =sec?u

@ Derivatives of trigonometric functions
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Sine/Substitution

Ex: | Evaluate
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Secant Substitution
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Secant Substitution
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Quarter Circle Example

Ex:
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Practice Examples

Compute the area of thie
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Practice Examples

Ex: | Evaluate
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Ex: | Find the area enclosed by the ellipse
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Practice Examples v Clam
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