Yapter 5: Integrals

@ Introduction to Integrals
@ [he Definite Integral and its Properties
@ The Fundamental Theorem of Calculus

@ The Substitution Rule

Area as a Function

Consider a function representing area under the graph of the curve
y = f(x) from a fixed point ‘a’ to a varying point 'x’. What happens to

the area as 'x’ increases? %th
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Fundamental Theorem of Calculu
L and Ie be a function defined and continuous on [a, bJ.

Theorem:Let

F(;<) =JX f(t)dt

a

for any x in [a, b]. Then the function F(x) is differentiable and further

Ex: | Find the derivative of the function g(x), where

X
:J V14 t2dt
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Anti-differentiation

" Anti-differentiation is the reverse of differentiation.”
For example, if we consider the function f(x) = 2x, then what is its

anti-derivative?
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Definition: If(F/is an antiderivative @n an interval |, then the most
general antiderivative of f on [ is F(x) -+ C or in other words,
e

LG+ = F(x)
X

where C is an arbitrary constant. This relationship can also be expressed as
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Anti-Differentiation Rules

Rule Function Anti-derivative
Constant Rule k kx
Constant Factor Rule | kf(x) kF (x)
Sum Rule f(x)+g(x) | F(x)+ G(x)
Xn-|—1
Power Rule x"
I n+4+1
Natural Log Func. " In | x|
Natural Exp. Func. e e /a
Exp. Func. b b*/In b
Cosine Rule cos(ax) sin(ax)/a
Sine Rule sin(ax) —cos(ax)/a
Tan Rule sec’(ax) tan(ax)/a
1
Arctan Rule 15,0 arctan(x)
Anti-derivatives - Calc | Review
|Ex: | Fill in the blank boxes:
f ! f !
Qe 2 Cos () | —sinx
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Ex: | Evaluate % (Jusin(l + %) dt) Ale) = g {k) 4%
0 a
!

= Sin <|+u5> . ACL) = {‘C’()

!_Ex: Find the derivative of the function f(x), where

X4
f(x) =Psectdt
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Indefinite Integral = sec X 4"

The indefinite integral of f(x) denoted by Jf(x) dx is the
i

most general anti-derivative of f(x).

Ex: | Evaluate the following indefinite integrals.

(a) J(X2+1)dX= Ei+x. y ik
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Table of Indefinite Integrals
‘ (St’mf[wf 5 @anh- der ey La[,lc/d'u—)‘f ah‘{«kcm‘/ V\oLq}w'ow,>

jcf(x) dx = cjf(x) dx j[f(x) + g(x)]dx = J.f(x) dx + fg(x) dx
jkdx=kx+c
xn+l l
n — _ el 5 s +C
jx dx n+1+C (n# —1) jxdx In | x|
- » . b
j‘edx—e + C fbdx—lnb+C
jsinxdx=-—cosx+C _[cosxdx=sinx+C
Iscc xdx =tanx + C jcsczxdx= —cotx + C
jecxtanxdx—secx+c .[cscxcotxdx=—cscx+C
d =tan"'x + C f . dx =sin"x + C
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Fundamental Theorem of Calculu@

Theorem: Let G(x) be any function defined-and-continuous on [a, b].
Further G(x) is differentiable such th forall a < x < b.

Th
- b C,(x)lls J'C\.c anh ~demvahve
J f(x)dx = G(b) — G(a) Jb ,S;(xD
: Pt
or equivalently, b ;} l) TRy 1 GACHG
J G'(x)dx = G(b) — G(a)| | " iy J |
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Thus, the two parts of FTC say that integration and dlfferentlatlon are
inverse processes.




Examples

Ex: | Evaluate the following definite integrals
rl /4

(a) | x?dx (c) (secOtanB) do
JO JO

= ?_(-f = | Sec® )

3 N (o]

= P_o3 -1 = sea{g;),scc(o)
3 3 37 = J2 = |
2 T

(b) J =X g (d) J (5e* + 3sin x) dx
0
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Ex: | Evaluate the following integrals
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Applications of FTC

given interval:

—, [1,10]
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Applications of FTC

(a) J et dt
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(b) g(x) =x"2/3, [1,8]
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Ex: | Evaluate the derivatives of the following functions

( e
(b) J In t dt
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Ex: | Evaluate the area under the graph of the following functions over the

A= U

u=

du
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Net Change Theorem

The integral of a rate of change (f(x)) is the net change:

Applications:
rt2 : s B o
o | (Velocity) dt = APosition = C%a:jc in fosikon = D)sr\acmwl—'
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o (Rate of Population Growth) dt = APopulation etc...
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Application

Ex: | If w/(t) is the rate of growth of a child in pounds per year, what

10
doesJ w'(t) dt represent?
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Ex:

theslope of a trail at a distance of xmiles from the start of

5
the trail, what does J f(x) dx represent?
3
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Example

" [Ex:| Position of a car along the highway is given by,\‘x(t) — 100t? + 5t,

where x(t) is in km, t is in hours. Find the total displacement of the car in’

one hour.

F=x(N-xle)

- loo)*ss.l —O

= loskm //
Ex: | Speed of a car along the highway is given by,lv(t) = 100t? + 5t, in

km/h, where 0 < t < 1. Find the total displacement of the car in one
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Example

Ex: | Two cars labelled 1 and 2 start side by side and accelera@

The graph shows their velocity functions, ¢ is in minutes.

(a) At what time(s) do the cars have equal velocities? t=o, E'=1
(b) At what time(s) do the cars have equal accelerations?

(c) Which car is ahead after 1 minute? Which car is ahead after 3

i ?
minutes? o T s
(d) When does one car overtake the other? e R TR windlerbelf Gurve
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Application

Ex: | An express mail truck delivers mail to various companies situated
along a central avenue and often goes back and forth as new mail arrives.

Over some period of ti i city (in km per hour) is
given by [v(t) =t — 9t 4+ 14= (t-2)(&-9)

(a) Find the displacement over this period of time.

(b) How much gasoline was consumed during this period of time if the
vehicle uses 1/10 litres per km.
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Chapter b: Integrals

@ Introduction to Integrals
@ The Definite Integral and its Properties
@ The Fundamental Theorem of Calculus

@ The Substitution Rule

Differentials- Calculus |

From (Differential Calculus,)we know that

hage i A
Slope of line,|m = chage |.n y _ 2
change in x  Ax

which is same as writin

For sufficiently small step-sizes (Ax — 0),

dy Y o Ay
& )= lim R
dy = f'(x)dx

where £/(x) is the slope angent line (derivative), and the quantitie@
anre calleddifferéntials.



Rules for derivatives and differentials

Ex: | Calculate the differentials of the following functions

(i) y=x (iv) y =Inx
Aaz Sx ~ 1L dx
X
(i) y =sinx (v) y = x2 +5x
= Cos W AN da; (2-(4?5)0\7(_
(i) y = (vi) y = e*

Anti-differentiation and indefinite integrals

3
Weknowszdx= X 4+ C

2
Instead, if we now want to evaluate
5
J(x—l-l Ju du = C§f+c: @H‘)-PC,
>

w=wntl du= dx

We knochosxdx: Sin w4 C

Instead, evaluate Jcos(x+2 ) dx st U dy = Sihutc
levwd = =sin(x12)1 <

du=dxr
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Simple Substitution o .,>g63>c+|3jf: 252’ 1+100)dt = 7

9

5~ 5 s

U= 51|
Au=5dtL
ab« = AL

/2
(”) J2X X2+ 1.dx = g\ix.‘» on\%— = J.)L{ OL(_,L :_%__u — C

' Vil 2 3%

= e © =2 (%D =,
du= 2+d% o

3
o
(iii) Jsmzxcosxdx— Ju du = U ¢
u*  du 3
u:s—;n'x, 3

clu =oc LA\L

Substitution Rule

If differentiable function with range over some interval and f
e s : |

is us on the same interval, then

| f’(g(x))




Examples

Ex

Evaluate the integrals

. 3 >
(i) J’xzex dx = J‘@%. o ot
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Practice Examples
Ex: | Evaluate the integrals
. . 2x A
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Substitution Rule for Definite Integrals

If g’(x) is continuous on [a, b] and f is continuous on the range of

u = g(x), then
b . g(b)
[ flgt.600) o= | flu)ds
a gla)
2
Ex: EvaIuateJ V3x 4+ 1dx * gcv)_a)""on
0 0 Qevm”oi—rc‘& (A}"\
= Bk = g \rlI 3 (ﬂ&’m\a 2
du=3dx . 2 centeral- (%)
| 'S - San;xy
%ﬂ =L :-315' /g \[' du 8 e
|
— o = \ 5/ :"
0 ) = \u 2 \
L=2 ki 2 3/ V1

Examples

Ex: | Evaluate the definite integrals:
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Examples

Ex: | Use Substitution rule to evaluate the integrals:
. 1 _
(a) J xe* cos(e*) dx (b) J 1 dx W= Chige 7
= = x»> s e TR U =0
u=e™ | s (e /xe dxn y oo L o
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= QM zt//

Practice Examples

Ex: | Evaluate the following integrals:
. 3 )|
sin 2x cosx . @) [ s (xt2)dx
(a) dem (c) Je X sin x dx @)
L , y
0'/\'\“’5 ;-( QS"""L“‘”io\)L = geqéo\q> = %LQ'*’(X’“—>+;
|1 cos™x _ € Ay
= g"‘d‘_ﬂ_ :-'-»QJ/\\LL\—‘t = ;:éi-& -
Y~ \H»Cos”x)-tC// =_e®* Xt Cy
Z
(b) Jcotxdx , (d) Je +1dz
Q U= S eZ+z
n
o du=le¥s1) d¥
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